In this paper, we establish two different existence results of solutions for a nonlocal elliptic equations with nonlinear boundary condition. The first one is based on Galerkin method, and gives a priori estimate. The second one is based on Mountain Pass Lemma.
Introduction
In this paper, we deal with the following elliptic equation with nonlinear boundary condition:
, in Ω, ∂u ∂γ g x, u , on ∂Ω,
where Ω is a bounded domain in R N with smooth boundary ∂Ω, N > 2, ∂/∂γ is the outer unite normal derivative, M : R → R is continuous, f : Ω × R → R, g : ∂Ω × R → R are Carathéodory functions. 
arises in numerous physical models such as systems of particles in thermodynamical equilibrium via gravitational Coulomb potential, 2-D fully turbulent behavior of real flow, thermal runaway in Ohmic Heating, shear bands in metal deformed under high strain rates, among others. Because of its importance, in 9, 10 , the authors similarly studied the existence of solution for 1.4 with zero Dirichlet boundary condition. On the other hand, elliptic equations with nonlinear boundary conditions have become rather an active area of research; see 11-15 and reference therein. Those references present necessary and sufficient conditions of solutions of elliptic equations with nonlinear boundary conditions. In 13 , the authors study the elliptic equation
with the nonlinear boundary condition
They obtain various existence results applying coincidence degree theory and the method of upper and lower solutions. Inspired by the above references, we deal with the existence of solutions for elliptic equation 1.1 with nonlinear boundary condition based on Galerkin method and the Mountain Pass Lemma.
The paper is organized as follows. In Section 2, we will give the existence of solution for 1.1 via Galerkin method. In Section 3, we will study the solution for 1.1 using the Mountain Pass Lemma.
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Existence
In this section, we state and prove the main theorem via Galerkin method when Ω is bounded.
For convenience, we give the following hypotheses.
H1 A typical assumption for M is that there exists an m 0 > 0 such that M s ≥ m 0 , for all s ≥ 0.
H2 For all s ∈ R, assume that the functions f, g satisfying
where
H3 The function x → f x, 0 g x, 0 is not identically zero. 
If mp n, then the embedding still holds for p ≤ q < ∞. Moreover, if 1 < p ≤ q < p * , then the embedding is compact. 
Theorem 2.3. Assume that (H1)-(H3) hold. In addition, we suppose that
Proof. Let {ψ k } be different complete orthonormal systems for W 1,2 Ω and set
Then V n is isometric to R n . Then, each u ∈ V n is uniquely associated to ξ ξ 1 , . . . , ξ n by the relation u ξ k ϕ k . Since {ψ k } are, respectively, orthonormal in W 1,2 Ω , we get u 2 ξ 2 R n . We search for solutions u n ∈ V n of the approximate problem
2.7
To solve this algebraic system we define the operator P n :
2.8
By condition H2 , the growth of function f is subcritical, so u → f ·, u defines a continuous
From the continuity of M and f x, u , g x, u , with respect to u, we denote that P n is continuous. Therefore, from H1 , H2 , H4 and Hölder's inequality, we note that u ∈ V n
On the other hand, by Lemma 2.2, we have
where C 3 > 0 is constant. From 2.9 and 2.10 , we can prove that
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This shows that there exists R > 0, depending only on m 0 , λ, η, μ, C 3 , Ω, such that P n u, u ≥ 0 if u R. Then system 2.7 has a solution u n ∈ V n satisfying u n ≤ R.
2.12
From this bound estimate, going to a subsequence if necessary, there are ν and u such that
Then fixing k in 2.7 and letting n → ∞, we conclude that
From the completeness of ψ k , identity holds with ψ k replaced by any ψ ∈ W 1,2 Ω . In particularly, when ψ u, we get
On the other hand, let ψ k u n in 2.7 and passing to the limit, we get
Then we conclude that ν u 2 , which shows that u is a solution of 1.1 . Finally, if u is any solution of 1.1 and u is nontrivial, then
2.18
The proof is complete.
Variational Method
In this section, we consider the following problem: 
